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-

By 7. zZollenrath

The present report covers o series of tests on thin, flat
elastic strips restralqed at two parallel esdges and subjected
to shear by conversely directed cstresses. The siress is uni-
forwly distributed over the constrained edges and acts in the
plene of the strip. As soon as the shear in such strips exceeds
a certain limit the equilibrium Detween the applied and,ﬁhe in-
ternal stresses is interrupted and instability prevails. Yow,
if the wall i1s thin with renspect to the width of the wmedian
plane of the body, the incipient instability is attended by a
characteristic flexural phenomenon which anpears as a pronounced
lobe or wrinkle. Thus, Figure 10 shows two restrained duralumin
plates where the type of shear just mentioned, resulted in a
wavelike love. The defleciion in these plates is so pronounced
as to remain visible when the load had been relieved.

Knowledge of the conditions under which this wrinkling under
shear (i.e., the shear producing instability) occurs, is of great
import for wony structural components, particularly in light
metal structures., The problem treated Lere is applicable to all

cases where a thin wall, through the type of its attachment
H 163 J

*"Ausbeulerscheiimmngen an ehenen, auf Schub beaispruchten Flat-
ten.® Fronm Luft -LhrtioruVJung, Tol. VI, Ho. 1, December 13,
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to other parts, is intenled to take up and transmit stresses,
es in plate girders, bulkheads, fuscleges and wings of various
airplane types.

Two limiting cases (Figz. 1) for thin bodies stressed in
sheor are those of round plates and thin-walled tubing (Refer-
ence 17), ths latter of which, however, really belongs to the
"shell" group. The first cxperimentc on this subjeét were
rade by Lord Revleigh (Reference 14), who investigated the
case of a vibrating system with refcerence to its natural fre-
gquency of vibration. Bryen (Reference 3), Walter Ritz (Refer-
ence 15), end S. Timoschenko (References 21 and 33) based their
experiments on the stanility equations of an elastic plate for
defining its buckling stresses

In the following we describe the developnent or the calcu-
lation of this problem rrom approximatiéh to exacf solution.

Let E = Toung's modulus (kg/cm?), |

m = transverse elongation factor (Poisson's ratio),
o= 1/m,
L = length of rectangular plate (cm)

h = thickness of plate (cn),

a = width of plate (cn),
u, v, w dlSOl?CeWO”tS in the direction of
x,y,amizamm

*St. Rergnona end H. Reiuruer reporited on the appearance of in-
stability in corrugated plates under ghear in "Feuere Protleme

gias der Ilugzeougstatik," end mlber die KulC&uﬂF yon Wellblech-
streifen ei Schivbveanspruchung." Zeltschrift flr Flugtechnik

und lotorluftschifiahrt, No. 18, 1929, pp. 475-481.



W.A.C.A. Technical Memorandum Jo. 601 3

§ = shear per unit of length in restrained
edge (kg/cm),

p = compression per unit of edge surface parallel

to x axis (xg/om?®),
g = tension per unit of edge surface parallel to
v axis (kg/om2),
r =p/a,
0z = Euler's buckling load for a strip of length a,
thickness 14, and width 1 (kg/cm?),
A = wave length parellel to the restrained edges,
D = ZI flexural rigidity
= fied— ai
12 {1-#°) ’
_ 82 s
A = -

Wrinkling Due to Shear (W. I. Lilly*s aethod)

Lilly (References 10, 11, and 13) in his work on wrinkling
of plate girders, applied the well-known strip nethod. Thus,
we see in Figure 3, the wavelike deflection of the median plane
of & olate under saear after exceeding the shear sitrengih, ex—
pressed as lines of egqual deflection perpendicular to the ne-
dian plane. The figures attached to the odntours have a rela-
tive significance only. We can visualize tae same deformation
as having been induced by tension and compression stresses of
the kind shéwn in ?igure 2, and which are dimensioned in magni-
tude and direction sc as io balance & shear stress of the in-
tended type in magnitude and direction. The applicability of

Lilly's method of approximation res’ss on this theorem. He con-
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siders, according to Figure 3, one single penel - between two
stiffencrs — of o web member collespsed in the form of a half-
weve. T2 line o-o0 denotes the center line of the half-wave.
Such panzl then is stressed in tension and compression as a con—

strained reciangular plate of length I and width N2 (Sece

Tow when Wé divide the plate in strips b-b perpendicular
To ‘each other, perallel to axis = and a-a, and parallel to
axis y, strip a—-a 1is siressod in bending and compression,
and strip b-b in tension and rending. So when we assume a
sinuous deforuation and apply tuler's forrmlas Tor +the buckling

load we find

o (& _ 1 _ 21 (15, 1) (1
\)\’ r Ir/ m <\ 1,%/ )
There is a mininum for equation (1) when
_AB Jr? o+ 1 -1
=% —="= (2)

4 1F T

This formula (2) shows that the wave lev 15th is not affected Dby
the plate width; it nerely depends on L and r. Formula (1) in

connection with the A values of formula (3) yields

£%
fab)
H
—~
[93]
~—

p:BL
If, by L = M2, +the wove runs at 45° to the constrained
edges,” tiie stress is e pure shear stress for T = 1. In that

case, formula (2) vields.
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m

NV -4 (J2-1) 17 = l.64 17 (4)

According to these forimles the acplicability of such calcu-
lations is contingent on the condition that the dimensions of
the plate allow the formation of a half—wave only.

Wrinkling Due to Shesar (S. Timoschenko's method)
(Reference 23)

This arproximation method is based on the potential energy
of the system (Reference 21). The appeérance of tlie unstable
equilibrium attitude becomes evident as a potential energy in
vending V, when deflecting from the plane, and as a lower po-—
tential energy in shear V,, so that

v = V. . (5_)

1
Starting with a rectangular, all-around supported plate,
the length~width ratio L/a is progressively increased and soon
reaches a limit velue, valid for the infinitely long plate strip;
the type of support of the smaller sides beconmes secondary. In
fhis menner the formula for the wrinkling of a long plate from

~the median plane w oecomes:

w= A sin T % sin T % (x - a v) (8)

and for wrinkling due to shear

Q

N2 ; 2 2
T = _..._e 8 a® ._._\___ .4... b__, { =
> [O a® + 2 + 1 8.2 + )\-g ‘ \1 + a ) ] (7)

Q
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For a minimum T we have:

- %?a J1+ a? - (8)
R
o1 == (9)
so that T = ¢ Jg (10)

Figure 5 shows tae ¢ values for various relations of
plate length L +to plate width a. It will be noted that ¢

'

soon agproaches the value for L,z =o>.
‘Wrinkling Due to Shear {R. V. Southwell ond Sylvia W. Skan)

These authors give a stirict solution (References 18 and 19)
for the case of a flat elastic étrip of infinite length. But
the distribution of stresses in & tain plate over an infinitely
srmall plate element is without"aﬁy proctizel significance, ac—
cording to Love. For that reason we represent the stresses ap-
zplyin° at the edges by their resultants and their resultant mo-
ments with respect to the unit length of the border line, i.e.,
the curve in which the edge passes through the nedian plane.

Tow according to St. Venant's theorem ths effects of two systens
of stresses yielding.identical resultants and resultant momenss
are practically identical at scime distance from the ecge.

Selecting from Figure 6 a plate element dx long and dy
wide, we have,  since the siress in a plate depends on the shape

of tae elastic surface:
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1. On the edges parallel to the x axis - bending stresses

linearly incresasing with the distance from the median plane,
statically equivalent to a force couple with moment & ;

torsional stresses equivalent to a torsion moment H,; shear

stresses in the direction of the z axis with resultant N3

shear stresses in the direction of the x axis with resultant S.

2. On the edges parallel to the y axis - bending siresses

linearly increasing with the distance from the median plane,
statically equivalent to a couple of moment G,; torsion

stresses equivalent to a torsion moment E,; shear stresses in

the direction of the z axis with resultant ©N,; shear stresses

in the direction of the y axis with resultant 8.
Wow the equilibrium equations applied to the deformed plate

in Figure 7 are as follows:

\
b 2
§WEL + fl%a‘z - 2 s.é_lt_
ax 3y dX a3y
aGl - ?’._.l_{_l_ - N, =0 b (11)
g X vy
aHl J G’g + Ng = 0
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?“2 I:1 - az Cj?.-;-.@__l;!.:c
0x 3y A3 ¥ v
- ff~9; + ééijﬁ-___§i52-+ 2 s-?ifi_
3 X  0x 3y Qv ax 3y

The strees regultants and thne resultant strcss moments are

combined to read:

- . 2
G = T (E_Jg + U EL.g\ >
37 3 x°/
-
4, = D (1 -u) &7
” AxX ay )

his, togetoer wita the woove lormulns, ¥

Nt ‘ 4 o e
D(S¥ 4 p 2V 49 (1-u) LT _

601

%)

ields

‘ -
\oax? ax° ay° 2x° av®
% & 2
W om0 a°
+ W u»782~~v5/ ~ 28
v QX Y 3x ay
~% 4 =4 .
1)(L.g + 2 _QE,._S J;_gx —_-n5g &w.
dx Ax® 3y a2y’ 3z 3y

Southrell resolved this lost ecuation (16).

R N CRY ey

dritiax

(12)

(17)

.
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formula (168) becoues

v+ _ a2k yrr2ik syr+k* v=0 (18)

for function Y (y), and must be integrated for the limiting
equations
' y = % %,‘ Y =Y!=0. (19)

Finally . ' |

Y = eV | | (20)
yields for A an equation of the fourth degree, wiose four

roots give the solution. According to this solution the median
plane of the plate deflects, due to exceeding the shear strength,

into a uniformly loved surface. The lowest shear strength is

g = 88.7 25 keg/on (21)

and the conformal wave length.

A= 1.8 a (22)

This length is contingent on the plafe width, as shown by
formula (8). Thus Figure 8 presents the wrinkles due to shear
plotted against the ratio: wave length/plate width, according
to Southwell and Sken. The curve of the first solution is ex-
pedient for the case of deforming into one, the curve of the
second:solution into two rows of nalf-waves in the direction of
the plate width. Aébordiﬁgl&, & plate under simple shear, whose
stifféﬁers bring about two rows of half-waves in the direction
of the plate width, ig uore conducive to higher shear strength

than one producing but one row.
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Experiments

To produce a shear strecs in a plate strip of the kind de~
scrived, we developed a clamping arrangement which constrains
the test étrip on two parallel ecdges at a:width of 5 mm between
£1nt surfaces, as exhibited in Figure 9, where (a,a) are the
tect strips snd (b,b) the two constraining clarmps. The
stresses acting along the constrained edges shifted the latter
parallel to each other and put the strips under shear.

The loading was accomplished by applying a tension on the
inside clamps, which is evenly distributed over both test strips
and taxen up by the outside claups.

For the experiments on brass and duralumin we used a 5-ton
tension machine (Fiz. 10, vertical arrangement), and for the
celluloid tests we adhered to the horizontal method (Coker) be-
cause of the small loads needed and the comparatively heavy
welght of the clemping device.

Tne rélative displaceuent of the constrained edges was

measured with four Zeiss gauges (one division = 1/100 ).
Conditions of the Soundaries or Edgoes

The problen is whethér ard to wnatl extent tiie conditions
and assumptions upon which fhe calculations are based are com-
plied with in theseztests. Soufﬁwell and Skéﬁ analyze; for ex-
ample, an infinitely long plate strip, a condition ﬁhioh is prac-

tically unrealizable. The strips used here are of limited length
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and with free edges; consequently the problem is to discover
‘what effect this substitution of finite-strip length for one of
infinite length relative to the stréss distribution over the
whole strip has on the magnitude of the sinear stress and on the
type of deformation. Then, another question to be answered is,
the role played by the type of support of the smaller sides or
of the ends of the strip.

Professor E. G. Coker (Reference 5) reports on his optical
experimenté with transparent bodies subjected to shear. He de-
fines the siress distribution along a line 'O X (Fig. 13). The
boundary conditions for the plates are: The long sides are
constrainced and are shifted parallel in the oplane of the plate;
the short sides are free. Some of his results are indicated
in Figuré 13. The origin of the coordinates is in the center
of O X. The plate lengths (in inches) are the abscissas and
the stresses (in pounds per square-inch) are the ordinates.

The data in Figure 13 are for a plate 3 inches wide. - According
to hig tests the shear distribution in a rectangular plate is
parabolic along O X (curve a in Fig. 13). When the ratio of
a to L decreased the curve of the stress distribution first
flattened out at the tip (curves b and ¢, Fig. 13). For still
smaller A/L ratios, local raises 1n stress distribution oc-
curred near the free edges (poinﬁ 1 on curve d and point 2 on
‘curve e). " In the wmiddle of the strip the distribution was

practicaliy uniform.
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Andrade (Refeorence 1) gives an experinental and analytical
trcatisc of the wroblem. His tests were nade on a 18" X 4" x 4v
reoctangle of gel, a glycerinc-gelatine compound. The two long
sides were nailed by thin copper screening to a board. Then the
screening wac heated and pressed oun the gel-body. The deforma-
tion was produced by parallel saifting of the plates. TFor de-—~
fining the displacement he applied tae opticol methiod of Charles
Pearson and A. F. C. Pollard ("An Experimental Study of the
Stresses in Lesonry Dams, Dwrpews Compnuny Research Memoirs, Tech-
nical. Series II, V). Andrade ocserved the seme locel stress in—
creases near the frecs edge, but his calculations do not agree
writn uis experiments, a fact waich prompted him to speak of the
inadequecy of his apolied analyticel methods.

L. ¥. ¢. Filon {Reference t) exaaired a bLean of rectangular
cross section which is stressed in sihear applied to the upper
and lower fivers. Here Coller's ovbservations are strikingly
confirned.

. Inglis (Reference 7) trcats the esame problem, but attacks
it from a diiferent angle and his results ~re in close agree—
ment with Professor Colier's fiures. Inglis based his calcula-
tion on the superposition of two cascs. Ia the Tirst case he
constrains the plate {(Fig. 14) at edies A3 and CD, leaving
AD and BT free. Then he subjects tne edges to a vniform shear

acting in. the plene of the plate. In the other case, the plate

[e3]

AZ,CD 1is so stressed in saear, whicu is uniformly distributed
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over the four edges,’that the shear at the edpes AD and BO is
in dpposite direction to the siear of the first case. The re-
sult is an abmence of shear on edges AD and BEC.

The results of ‘Inglis! expériments 2re exnibited in Figures
14-13. TFigure 14, in Dartioular, shows the distribution of
shear along OX (y = 0); the edges AB ancd JD are consitrained,
the shear is uniform over AD. In Figure 15, we note the shear
perpendicular to bourndary A3 (v = 1); it is uniformly distrib-
uted over AD, with AB and CD constrained. Figure 16 shows
the almost parabolic disiribution along OX (y = o) for a
square plateé Figure 17, the shear slong O0X for a plate with
ratio length — width = 2 ; and Figure 18, for ratio - length/
width = 4. In the last Tigure the flatness of the shear curve
is very noticeable. Tue c.fect of the frce edge dou: not last
beyond 1.5 times tie platc width to plate center. In conformity
with the tests of the éuthor, the smallest ratio of -plate length
to plate width = 8.5; justifies our arsuiption that the stress
distribution is practically uniform over the whole sirip, sand
that the free edges have no material effect on the test data.

The experinents included tests with celluleid, duralumin
and brass.

Celluloid

o

For the calculation of the deformations and of the wrinkles
due to shear, it is absolutely cssentiel to know the longitudi-

nal and the transverse elongation factors. For this reason,
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specinl stress was laid on the determination of these figures,
which was accomplished by micrometric measurement of rectangular
test olates with the linrtens reflecting instruments. The length
of the spring was 170 @ for the longitudinal, and 25 mm for the
transverse elongation. By a distance of 1135 mm snd a height
of 4.5 mm, a 1/500C gear ratio was obtained. The tests were
made on the 10-ton Losenhausen machine in the Aerodynamic Insti-
tute of tie technical high schcol at Aachen, which also included
the use of the 1000-kilogram metering box.

Telluloid proved particularly suited to such experiments.
The proportional elastic limit was reached at 180 kg/cm2 tension
and by a comparatively high total elongation of 0.6%. At fail-
ure the materiel showed a 7-10 pocr cent elasticity ty a total
elongation of 26 per cent.

We exanined eight different kinds of celluloid, according

to Tenle I. The sire:

[63]
Gl

strain curves in Figure 19 show the
characteristic bveuavior of the celluloid until failure: an ap-
proximately even raise in elongation with the stresses up to
the yield linit, above which the breakdown becomes very percep-
tikle. There is a basic dirference between the clear, trans-
parent and the colofed celluloid Leyond the yield point. The
colored material shcws a meprked drop in stress, followed by a
subsequent raise. Tais is aest likely due to the coloring mat-

ter.

The nature of celluloid to follow Fooke's law to the yield
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point and then to enter a so-call
fortunate in

plates 5-8 of Tavble I, which, wit

ticity (Z = 15,800 to 33,300 ke/

tion (m = 2.415 to 2.8) gave us

subsequent wrinkling
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ed plastic state, proved very

tests. In these we used the

h respect to modulus of elas-
cii®) and the transversc elonga-

more room for action.

TABLE I. lodulus of Elasticity of dliluieﬂt Kinds of CerU101d
——— — - _.,..._._ﬁ—. —— e — ._«-‘ t v e e 4 o st s e
¥odulus Trensverse
Nunber ¥ind of elongation Thiclkuess
elasticity h
kg /om® il cm
1 clear 26,600 2.4 0.19
2 " 26,700 2.4 0.19
3 wnite 24,500 2.0 1.51
4 " 23,500 5.65 0.08
5 clcar 28,000 3.45 0.052
o) " 15.000 2.8 0.05
7 " 23,500 2.56 0.05
8 wnite- 25,300 2.45 0.031
9 clear 15,800 2.415 0.051
Particulsr attention was paid to teuperature and humidity while
making the tests.
Test Data
alWWvlnkl ng stress.— 3By a certein shear the constrained
edges of a plate width a may be shifted parallel by an emount
g! Expressing a and ® 1in centimeters, forumla
1
g = b 100% (23)

a
now is to denote the saifting of
The hehavior of the plate su
There

in Figure 20, the loading

tjected to sheear 1is

the plate width in per cent.

A
'uuu.t.

b ZC(!

s (kxg/cm is plotted against
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(6)]
-
—
4=4
Q
=3
3
(¢}
0
o
|
1
‘..J
@]
r"J
3z

the maxinum deflection from pleme w  (in centimeters .10_5)
and acainst displacement g (in per cent). The dimensions of
a =
the plate were: thickness, n = 0.05 cuj width,/1.9 em; end
L - 23.7. By critical shifting here when g = 0.8%
(pointAA), the lond deflection line begins to deflect, the load
increascs progress uore slowly than before by corresponding dis-
placements. Tals incipient deflection of the load line is si-
rmulteneously accomprnied by o deflection from the plane. But
even vcelore %he deflection from the centrcl plane assumec meas-—
urable significance, the incipient buckling beceme noticcable
through the distorted image of the reflected plate.

A second test with a celluloid ctrip of thickness h = 0.05
cil, @and width a = 1.6 cm, ig illustrated on Figure 21. The
load deflection line is sirairht to point A, which corresponds
to e displrcoment g = 0.78%, where a vend occurs. This nmecans
the proportional limit hes ceen reached end exceeded. Love
this bend the line continues nlmost liaeurly, except for the
rmore pronounced slope toward the axis of displecement. FPut
the second portion itselr showe at B o sudden, stronger deflec-
tion toward the axis of displecencnt; the load Sfages for oo-
taining equivalent displeceuments as tefore, becowme rmaterially
smaller. Eulgiﬁg sets'in; the wrinkling shear has been reached.
3ut it occurs in this case -~bove the yield limit; the deflec-

tion is inelas®tic in contrast to Figure 30.
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TARLE ITI. Tests 1-9

llaterial, Cellunloid
liodulus of elasticity, E = 15,000 kg/cnf
Poigson's ratio, m= 3.
Plate thickncss, 1 = 0.05 cm
Plate Wrink- Wave
Testlwidth ling |Displace- B length X
¥Wo.; a |a/h| load nent k! k! k N =
s & riean - | a
cn kg/cm N cm
1 1.9 |38 |2.835 0.600 73,900 | 76,8600 [{50.0| 4.16 [3.18
2 1.9 |38 [2.8635 0.643 76,900 4.20 {3.18
3 1.8 |36 [2.945 0.66% 76,300 | Elas- 3.68 {3.04
4 | 1.8 |38 |2.945 0.667 76,300 tic 3.69 |2.05
5 | 1.7 (34 |3.31 0.824 73,500 | defor- 3.85 |1.9
6 | 1.7 |34 |3.31 0.548 76,500 | mation $3.46 |2.03
7| 1.6 |32 |3.49 0.800 73,200 ‘ 3.104{1.94
8 1.5 |30 |3.62 0.734 656,300 2.91 [1.94
9 | 1.4 (33 |3.86 0.843 63,000 2.63 [1.88

By observing the avpearance of deflcction above as well as
below the limit of elastic displacements, we made a serics of
tests with celluloid and defined the wrinkling load (Test serics
Nos. 1-9, Table II).

We considered as wrinkling load that load at which the
first sign of measurable cdeflection from the central plane was
noted. Hereby it should be taken into consideration that the
load at wrinkling will be about as high as point B in Figure 20,
but even at that it will be 35% lower than the theorctical figure.

Thus the quality oi the approximation to the theoretical
buckling load remains to a certain cxtent a question of the con-
straint. Le expeririental values should prove useful for the
designer, bccause they supply a practical criterion of incipicnt

wrinkling, for the danger of collapse lies not so much in the
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formation of wrinlkles as in the material displacceqents and in
the pronounced uncven plate stresscs accompanying the inception
of deflection.

The results of the first test series (tests 1-9) are given
in Table II and Figure 22. The curve representing the depend-—
ence of the wrinkling load on ;a/h may be expressed in the
form of the equation |

s =k é% ke/om | (23)

When a/h falls below a ceritain value the experimental
wrinkling loads with decreasing a/h‘ deviate ﬁore and more from
those expected according.to the preceding formula. The basis of
this limited applicability is Euler's load formula. »bDack in
1845 E. Lamarle (Reference 9) pointed out that the proportional
limit of Euler's formula in its original form was to be accepted
as limit of validity. {(Todaunter ernd Pearson, "A History of
Elasticity and Strength of lUaterials," Vol. I, Wo. 12353 ff.,
Cambridge, 1586.) The unlimited validity of Fuler's formula in
a more general form was established by Engesser (Ruference 3),
and appcared in 1895 (Reference 4), the accuracy of which was
later confirmed by v. Hoerman (Rsfercnce 8).

The proportional limit is exceeded whencver wrinkling occurs
under a swxaller load than could e expected according to fofmula
s = k é%. The corrcect relation vetween shifting and stress, upon
which the calculation is bascd, oxists no longer. As the a/n

ratio becomes swaller the assumption of a "thin olate!" loses in
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identity. Bxpressing formula (33) as

B 1 2
Y — g = 5 & = k!
1 - u® 12 n

k! recmains, as long as the deflection occurs velow the propor-
tional 1limit for shear, an invariavle as oroved by tests 1-6.

S

If, to arrivé at wrinkling, the croportional limit is excceded,
k! bvecomcs 8o much swaller as the pcrmanont deformation is
stronger at buckling. Conséquently; kv yields k <from tae
experimental values within the elastic range, which, according
to tests 1-6, is k = 50.

Three other scries of tests on celluloid, llos. 8, 9, and

10, Table I) - tests Nos. 10 to 16, 17 to 36, and 37 to 35

2

yield practically tic sane data, and arc exnibited in Tebles

o

II1I, IV, and V, and Figure 23. k = Ul. 5z, and 49.3. Tae tran-
gition from clastic to inclastic deflection is characterized by

a/a = 34, 32.3 to 35.5 and 31l.4 %o 28.4.
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TAZLE III. Tests 10-16
Haterial, Selluloid
odulus of clasticity, E = 32,500 kg/om?
Toissonl's ratio, m = 2.56
Plate thiclimess, h = 0.05 ciu
Plat riuk- ] | Wave
ridth ling |PDisplace- length X
Test| a |a,/h| load rent k! 1ot k| z
No. 8 % ncan a
cn k/om? cm
10 | 1.9 38] 3.94 0.83 115,020 111,4C2|51
11| 1.9 3aep 3.73 .73 10%,500 3.83 1.9
12 | 1.8 36| 4.17 0.956 110,300 3.63 2.0
13 | 1.7 34 4.83 1.06 110,300 3.38 1.99
14 | 1.5 30| .5.17 1.235 96,400 Inclas- 3.75 1.85
15 | 1.8 38| 4.83 C.59 101,450 tic 3.10 1.94
16 | 1.0 32| 5.04 1.08 102,800 | defor- 3.01 1.88
,~L ! antion|.
TARLE IV. Tests 17-36
o terial, Celluloid
fiodulus of clasticity, E = 23,300 kg/om®
Poissont!s ratio, m = 2.45
Tlate thicliness, n = 0.031 cn
Platol Trink- | Wave
width ling |Sisplacc- lengthy
Test & a/k| losd et k! x! i< \ -
0. g < mean a
olem o mefem?y L L cil _
17 | 1.9 162.3) L.01 C.do 121,300 [ 119,300 |83} 3.73 | 1.9
12 | 1.8 I58.11 1.075 2.406 116,900 3.53 | 1.96
19 | 1.7 |54.9] 1.335 0.365 119,900 3.16 | 1.86
20 | L.t 1 45.4 .57 C.o0&8 115,900 3.97 | 1L.97
21 | 1.4 |45.3] 1.386 0.0423 112,400 2.59 | 1.85
22 | 1.3 |42.0) 2.14 C.3 121,600 2.45 | 1.80
2% | 1.8 |38.71 2.43 C.918 117,300 2.3311.98
24 | 1.1 |35.5] 2.95 1.05 119,700 2.22 | 2.00
25 | 1.0 |33.3] S.38 1.36 112,30C | Inelas- 2.15|2.15
36 | 0.8 |35.8) 0.78 1.05 72,100 tic 1.61 | 2.01
defoxr-
mation

|
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TABLE V. Tests 37-38

Material, Celluloid
lodulus of elasticity, I = 15,800 kg/om?
Poisson's ratio, m = 2.415
- Plate thickness, h = 0.051 cm
Plate Wrink-| Dis- Wave
width{ - - | ling | place- length X
Test| a a/h | load | went <t k! X A 2
No. 8 % rean a
cm kg/cm cm
"7 1.35] 24.6 5.85 | 1.595 {68,900 In 2.44 |11.955
28 1.3 {25.5 5.34 {1.295 | 68,000 clas~- 2.52 [1.94
29 1.35| 23.6 5.08 | 1.135 [ 69,300 | tic 2.656 | 1.965
30 1.4 | 37.45] 4.83 | 1.13 71,100 defor- 2.76 | 1.97
31 1.45{28.45] 4.32 | 0.98 68,500 na- 2.78 11.92
323 1.5 129.4 4,32 | 1.00 75,300 tion 2.93 |1.95
33 1.6 {31.4 4.07 | 0.99 79,300 : : 3.17 11.98
34 1.7 | 33.3 3.61 | 0.847 | 80,400 78,300/ 49.3 3.38 [ 1.99
35 1.8 | 35.3 3.16 | 0.732 | 77,300 ' 3.48 | 1.94
36 1.9 | 37.35] 2.80 | 0.60 76,300 3.8 2.00

b) Type -of deformation.~ Aside from the load which induces

wrinkling, the type of deflection is of perticular intercst
with respect to tne wave length, for it cnables us to decide
where reinforcements are necessary.

We used a Zeiss instrument with which we practically cali-
brated the deformed plate.

Owing to the aforementioned irregular stress distribution
near the Iree edges, we naturally expected some disturbance in
the uniformity of the deflection. For that reason we had ta
ascertain the cxtent of the effect of the frce edges on the
deformation, becausc this boundary zone had to be eliminated
before defining the weve length. In several spccimens the
first signs of wrinkles appeared at 1 to 1.5 a from the free

edge. 2ut by a very slight load increase the deformation spread
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evenly over the entire strip.  This undoubtedly is due to the
slightly higher stress increase necar the edges.

So in order to define this edge effect, we examined the
boundary zone'of'a transparent strip of celluloid 0.05 cm thick
and 1.9 cm widé after wrinkling. Our =ethod consisted in deter-
mining the deformation as dissections perpendicular to the cbn—
strained edges. The dissections were 2 i apdiﬂ.‘ The.measuring
points Wére 1 nm apart. | | '

Since the saape of the iever méde the measuiément:of'the
deformation on the constrained edge itéelfAimpoésible,:the énds
of the dissebtions had to be determiﬁédvéfferwaid. The deforma-
tion ovei several wave lengths was ﬁéaéured 1.5 mm froh the con-
strained édge oﬁ a line parallel to this edae. The middle lines
befW°en the ‘tan gents to the waves then ylelded the posifion of
the constralned edaes, after which the oontour lines, i.e., the
lines of egual deflection from the plane, give us the deforma—
tion,'showh on Figure 23.

The figures on the contour denote the deflection perpendwc-
'ulgr to the ﬁédian plane in 0.0l mn. ' The fourtﬁ half-wave al-
ready has exéotly the same shape as the one following. The
greatest deflection on the whole strip occurs on the free edge.
The irregﬁlaritieé‘in the deformation do not extend beyond
three half-waves. |

So it may be stated tuat the effect of the frce edge on the

deformation does not excecd 1.5 tines the width of the plate
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from the free edge, and all waves outside of this defined bounda-
ry zone are included when defining the wave lengtha.

However, since this does not preclude the possibility of
any niore extended edge effect under increasing deflection we
deternmined the location of the zero deflection lines or of the
junction lines for s = 4.83, 5.48, and 5.93 kg/cm at vari-
ous degrees of deflection. The strip was 1.8 cm wide and 0.05
cm thick. But the test failed to show any difference in dis-
tance between two junction lines for these load stages, with
the exception of their slope which, owing to the greater dis-
placement of the constrained edges, was more pronounced (Fig. 24).

To Follow the course of the wrinkles, we determined the
deformation on the same plate for a half-wave, the results of
which are plotted in Figures 25-37. At the left we find the
deflection from the plane as dissection perpendicular to the
constrained edges and the absolute values of the deflection;
at the right, the deformation as contour. For s = 4.83 kg/cm
the deflection is perfectly elastic, while at higher loads part
of the deflection is already of a permanent nature. From these
deformations the disproportionate raise in wrinkling by small
load increases, becomes apparcnt. The permanent deflection
after relecasing the load is shown as dissection and contour on
Figure 28.

The wave length was defined by meaguring the distance of

maximum deflections from each other. The results of these
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neasurementcs sre given in Tables II to V, witk wave length A in
centiweters.

Tor M a we obtained the following figures:

Tests 1 - 9 Mo = 1.28 — 2.18

10 - 16 1.38 - 3.00
7 o- 30 1.85 - 8.15

27 - 306 1.92 - 2.00
There 1s no difference in wave length for elestic or inelastic
deflection as far as we could ascertain. The average MNa =

1.97, as scen in Figurc 38, shows a plotted ajainst Ma.

c)_Stress distridbution at the begirning of wrinkling.- Here

e atieupted to determine thie bending nowments perpendicular and

parallel to the constrained edges from the deflections developed
in tue plate after exceeding the wrinkling load. Thé plate was
0.05 cw tnick, 1.8 ca wide, of celluloid No. 7, Toble I; the
measurementé were nade by & = 4,33 e /en edge loading.

Qur procedure was to approximaté the dissections parallel
end -perependicular to the constrained cdges as arbitrary functions
by a serics of other given functions. Incsmuch aos these dissec-—
tions are velid as periodic functions, we chose th: approximation
by Fourier scries. Then we fransferrcd the ueasured values to a
system of coordinates and plottcd a smoath curve which followed
the cxperimental points as closely ns possible. This was fol-
lowed by an haruonic znalysis of cupirical fuanctions, aftcr
which we took o number of equidistant values from the curve.

The individucl periods were divided into twelve parts and the
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coefficients of the sine and cosine terns of the Fourier series
computed. Terms with coefficicnts, which in their order of mag-
nitude went below the measuring accuracy of tie Zelss instru-
ments, were disregarded in the second differentiation. From
the quotient of the latter we deternined the respective 12 ordi-
nates which yield the values for ﬁ;g and g%g, that 1s, for
the woments. |

Table VI contains the perfectly elactic deflections perpen-

dicular to the constraincd cdges.

The distribution of the computed monents

2 2
- D<HJ‘_V,+ W &N

G, = :
1 axz a.y..z A
3w 3% T\
b = = D & + u‘ -
Co <8y‘°‘ dx° /

over a nalf-wave may be seen in Figures 30 end 31. The lines ap-
ply to @, end Gy = constant. The ascribed figures yield with
- 1.64 X 102 =g scale the mouents G and G (kg/em) 2nd
with - 5.93 the siress in the plate 1in kg/em® .  The meximun
rioments ond stresses arc in the center of the half-wave and
amount to 0.469 end 0.325 kg/em, and 112 and 78 kgzg/cm®.

It is seen that tie plate stresses, due to wrinkling in
bending, exceced the shear stresses of 96.6 kg/cm® ot the edge
soon after exceeding the buckling load. Zecause of the very
pronounced increase in bending stress by further deflection, 1t

becomes evident that a stress is quickly developed by the wrink-
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les above the'proportional elsgtic limit,

TAZLE VI
Deflections in Dissectionz Perpendicular to the

Conatrained Bdgzes in 1/1070 ma

2s by a e, g | kg j K 1 ng o
s T Ea [ Tee Too5 [ oour [ Tiee | —ise (13 2 a7 | 22 | =23
3l - 2| -12|-29|-51] - 76| -105 | =125 | =130 |-118| =79 | —-25
3 20| 23] 27| 21 2l =371 -"68] =95 |-1021 -76 | -38
al a7| 77| 90| 90 g2| 63 15| - 37 |- 61| -60 | ~36
5| 57| 105 | 136 | 149 | 148 131 82| z7 |- 3|-27 | -24
6l 50| 11011601179 =201| 197 159 105 | 46| 13 | - 4
71 5ol sa|157 ! 205] 237| 209 218 167 | 100 43 15
gl 35| 73120 |182| 225| 238 235 | 197 | 137| 74 | 29
of ol 33| 751127| 139! 183 | 204 | 192 | 140! 100 29

10| -11| -10 | +35 | 74| 119! 183 | 186 | 184 | 155 | 108 45
11} =38 | =45 | -33 | = 5 351 750 104| 112 | 108| 76 23
ol —49 | —65 | =72 | =37 | =32 ol 30| 2 57 | 45 22
5l =55 =73 | =87 | =95 | -98| - 70|~ 30 7 21| 25 12

Tects withh Duralwain

These experiuents shounld be of speéial intorest to tue user
of light metal. We used rolled plates 0.05 emd 0.03 cm thick,
alloy Fo. 6{1b, nerdness 1/2. The elastic properties, modulus
of elusticlty, and Poissou's ratio were determined on sanples
teken frog the same sheet; the nodulus of elasticity varied be-
tween 748 000 and 775,000 hb/cn~ (average: 760,000 xg/cm?);
Poissonts ratio, m = 3.33.

The wrinkling tests were nade with tae aforementioﬂed claip—
ing device (Fig. 10). Tae effect of the edge loading on the dis-
vlacement is graphed in Firure 32 (plate test No. 88). Tents

42, 44, 45, 48, L5-59, ead 64-o7 were made with the 0.03 cnm
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plates, and the load at wrinkling end the wave length detcermined.
The data are shown in Table VII and Figure 33. The graph shows
the transition from elastic to inelastic deflection between

a/h = 53.3 and 33.3, and in conformity the k' wvalues up to
a/h = 53.5 show a constent value of about 3,490,000. The fig-
ures for k range between 51.1 and 47.6; the average is 49.3.
Below a/h = 53.3 the k' _values continue to decreasc to
1,940,000.

The experiments (Nos. 43, 46, 49-51, and 60-63) with the
0.05-centimeter plates are included in Teble VII, and Figure 34
denotes the effect of a/h on the collapsing load. The transi-
tion from elastic to ingclastic deflection ocours'between a/h =

56 and 40.. The k! vaiues are'ajain praotically constant,
ranging befwéon'5,74o,obo end 3,500,000, k averaged 51.0, a
figure oniy slightly differentlfrbm the_previouély obtained
velue. - |
Figure 35 ckhibits the A/a volues for tests 42-87, plotted

against plate'width a. The a/h: ratio fluctuated between

116.8 and'BB.S,‘and the retio of wave length to plate width be-
tween (1.68) 1.89 and 2.02. The sverage for M/a for all tests

with durslumin plstes was A /a = 1.97.
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TASLE VII. Tecsts 42-67
iaterial, Dwee lwuin
iodulus of elasticity, E = 760,000 kg/cm?
Poissonts ratio, = 3.23
Diaensions Wrink- Wave
Test |width |thick- ling length X\
Yo. ness | a/h | losad k! k K —
: a h 8 a
cn xg/cm : cm
42 2.001 0.03 | 65.6| 24.6 3,620,000 50.9{ 3.92 1.96
43 2.00| 0.05 | 40 93 2,676,000 ((41.8) 3.96 1.98
44 1.80| 0.03 | 53.3| 35.8 | 3,394,000| 47.7| 3.17 1.98
45 2.80| 0.03 | 93.3| 12.1 | 3,513,000 49.4| 5.56 1.885
46 2.380| 0.05 | 56 56.4 | 3,537,500 49.8| 5.75 2.05
48 2.80] 0.03 | 93.3| 13.2 3,543,000 49.9) 5.55 1.98
49 2.00| 0.05 | 40 96 %,072,000((43.2) 3.95 1.975
50 1.60} 0.05 | 32 98 2,007,0001{(28.3) 3.18 1.985
51 1.80{ 0.05 | 32 103 2,110,000 29.7 | 3.10 1.940
523 2.80; 0.03 | 93.3; 11.8 | 3,426,000 | 48.2 | 5.50 1.960
53 2.80( 0.03 | 93.3 12.5 | 3,360,000| 51.1| 5.45 1.945
54 2.00| 0.03 | 66.6| 34.4 | 3,615,000| 50.8 | 3.80 1.90
55 2.00| 0.03 | 86.68} 24.3 | 3,800,000| 50.6 | 4.05 2.02
56 1.60| 0.03 | 53.3| 36.7 | 3,480,000| 49.0| 3.10 1.94
57 1.60| 0.03 | 53.3| 35.7 | 3,385,000| 47.6 | 3.18 1 99
58 1.00| 0.03 | 33.3| 52.5 | 1,940,000 527 3% 2.00 .00
59 1.00{ 0.03 | 33.3| 59.5 | 2,304,000 |(31.1) 1.89 1.89
60 2.80| 0.05 | 56 57.5 | 3,746,000| 52.7 | 5.39 1.91
61 2.80] 0.05 | 56 55.5 | 3,501,000 49.6{ 5.47 1.95
63 3.50| 0.05 70 37. 3,836,000 51.01{ 7.15 1.98
63 3.50| 0.05 70 39 3,822,000 53.7{ 7.05 1.96
64 3.501 0.03 |116.8 7.8 | 3,547,000 48.9{ 7.30 3.00
65 3.50| 0.03 |116.8 7.2 | 3,357,000 46.0| 6.83 1.95
66 1.80| 0.03 | 53.3| 40 3,793,000 53.3 | 3.79 1.68
87 1.00| 0.03 | 33.3| 55 2,036,000 ((28.68) 1.98 1.98
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TASLE VIII. Tests 68-80, 87, 88

Material, BRrass

Hodulus of clasticity, E = 943,000 kg/cm?

oy

Poisson's ratio, m = 3.06
Plate thickness, h 0.02 cm
Plate Wrink- : Wave
Test | width ling length A
No. a a/h load k' k \ Z
g a
cim kg/cm | om

68 2.0 100 8.45 4,235,000 48.0 4,35 2.15
69 2.0 100 8.26 4,130,000 47,0 3.80 1.9
70 2.8 140 4,54 4,449,000 50.6 5.46 1.95
71 2.8 140 4.54 4,449,000 50.6 5.43 1.95
72 1.6 80 | 13.7 4,384,000 49.9 3.17 1.98
73 1.8 80 13.5 4,320,000 49,1 3.38 2.11
74 0.8 40 | 31.8 2,544,000 38,9 1.54 1.93
75 1.0 50 1.97 1.97
76 1.3 60 3.35 1.88
77 2.0 100 8.45 4,225,000 48.1 4.08 2.05
78 2.8 140 4.43 4,341,000 49.4 5,38 1.93
79 1.0 50 | 23.0 2,875,000 32.7 1.90 1.90
80 1.0 50 | 232.9 2,863,000 32.6 1.82 1.82
87 3.5 175 3.16 4,833,550 56.1 7.53 2.14
88 3.5 175 2.96 4,635,000 53.6 6.3 1.8

Experiments with Brass Plates

The samples were 0.02 cm thick rolled brass. Tensile tests
made on six specimens yielded E = 943,000 kg/cm®  and transverse
" elongation m= 3.08.

The results of the deflection tests are given in Table VIII
and Figure 36. As long as k! remains constant by a/h g 70,
the deflection is elastic (tests 68-73, 77, 78, 87, 88). When
a/h & 70, formula (23) is inapplicable to this material; k!
becomes smaller, so that Dy a/h = 40 it has dropped to
2,544,000{ For elastic deflection k = 48.0 - 56.1; the average
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is k = 50.1.

The ratio of wave length to plate width A a, remains prac-
tically constant and raises betwzsen 1.8 and 2.15. The average
of all tests is 1.98. 1In Figure 37, where M a is plotted
against the olate width, the individual Na fizures are in

close a;reement with the rean values snown as dotited line.
Conclusion

Owing to the high elastic deformability of celluloid, it
was not only possible to observe the beginning but also to ascer-
tain the type of deflection. The test data on celluloid were
aifirmed by the experiments with duralumin and “rass.

According to our experiments the load at wrinkling can be
accurately expressed by the formula s =k é% (k = 49 to 50),
as set up from experiments with celluloid and substantiated by
those on duralumin and brass. Its limit of agpplicability is

he proportional elastic 1limit.

In wrinkling, two cases must be diétinguished: deflection
prior to reaching vield limit (elastic deflection); and deflec—
tion after the yield linit has becn reached (inelastic deflec~
tion). The transition from elastic to inelastic deflection in
the individual materials is characterized by a ceftain ratio of
olate width to plate thickness a/h, which for celluloid is 34,
for duralumin, 50, and for brasé, 70. The greater the elastic
deflection in the m@térial, the lower the a/h 'ratio of transi-

tion. In contrast to Southwell and Skan, our figures for the
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wrinkling loads were aboutb 43% lower. This discrepancy finally
becones greater than Wé expected from the previously stated ef—
fect of inexact edge cbnstraint. Then the shape of the deflec-~
tion surely has some effect also. According to Southwell, the
.lwave lengths should equal 1.6 times the plate width, but our
tgs%s’yielded 1.87 a in'evefy case. Timoschenko's figures are
'S1ightly:higher, although it should be remembered that in his
tests all four edges were supported.

Regarding thé*deflection itself, the following may be stat-
ed: Once a certain load - the wrlnkllnv load - has been ex-
~ceeded, the equlllbrlum betwecn the internal and external
stresses ceases to be certain The beginning of instability is
accompanied by a formation of regular wavelike wrinkles. Wear
the free edge the unlformity is interrupted by the uneven
‘stresses prevalllng at that point. The deflection at the free
edge is'épproximately 15% greater than in the blaté center.

The wave length of the deflection is in a constant ratio to the
plate Width k/a =:1,97, and is unaffected by the plate thick-
ness and the materlal. ‘

Transla%ion by J. Vénier,‘

Vational Advisory Comnittee
for Aeronautics.
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